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GROMOV-HAUSDORFF LIMIT OF KAHLER MANIFOLDS AND THE FINITE 

GENERATION CONJECTURE 


GANG LIU 


Abstract. We study the uniformization conjecture of Yau by using the Gromov-Haudorff 
convergence. As a consequence, we confirm Yau’s finite generation conjecture. More 
precisely, on a complete noncompact Kahler manifold with nonnegative bisectional curva¬ 
ture, the ring of polynomial growth holomorphic functions is finitely generated. During 
the course of the proof, we prove if M''^ is a complete noncompact Kahler manifold with 
nonnegative bisectional curvature and maximal volume growth, then M is biholomoiphic 
to an affine algebraic vaiiety. We also confirm a conjecture of Ni on the existence of poly¬ 
nomial growth holomorphic functions on Kahler manifolds with nonnegative bisectional 
curvature. 


1. Introduction 

I In ll^ . Yau proposed to study the uniformization of complete Kahler manifolds with 
nonnegative curvature. In particular, one wishes to determine whether or not a complete 
noncompact Kahler manifold with positive bisectional curvature is biholomorphic to a 
complex Euclidean space. For this sake, Yau further asked in ll30l (see also page 117 in 
ED) whether or not the ring of polynomial growth holomorphic functions is finitely gen¬ 
erated, and whether or not dimension of the spaces of holomorphic functions of polynomial 
growth is bounded from above by the dimension of the corresponding spaces of polynomi¬ 
als on C". Let us summarize Yau’s questions in the three conjectures below: 

Conjecture 1. Let M" be a complete noncompact Kahler manifold with positive bisec¬ 
tional curvature. Then M is biholomorphic to C". 

Conjecture 2. Let M" be a complete noncompact Kahler manifold with nonnegative bi¬ 
sectional curvature. Then the ring Op(M) is finitely generated. 

Conjecture 3. Let M" be a complete noncompact Kahler manifold with nonnegative bi¬ 
sectional curvature. Then given any d > 0, dim(Od(M)) < dimiOdiC")). 

On a complete Kahler manifold M, we say a holomorphic function / 6 Od{M), if there 
exists some C > 0 with \ f{x)\ < C(1 -i- d{x, xo)Y for all x e M. Here xq is a fixed point on 
M. Let Op{M) — iJd>oOdiM). 

Conjecture[Dis open so far. However, there have been many important progresses due to 
various authors. In earlier works, Mok-Siu-Yau IITTI and Mok 1201 considered embedding 
by using holomorphic functions of polynomial growth. Later, with Kahler-Ricci flow, 
results were improved significantly ED ESI 0 El Q. 

Conjecture|3]was confirmed by Ni 1231 with the assumption that M has maximal volume 
growth. Later, by using Ni’s method, Chen-Fu-Le-Zhu jh) removed the extra condition. 
See also El for a different proof. The key of Ni’s method is a monotonicity formula for 
heat flow on Kahler manifold with nonnegative bisectional curvature. 
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Despite great progresses of conjecture [T] and conjecture 12 not much is known about 
conjecture|2l In |[20l . Mok proved the following: 

Theorem 1 (Mok). Let M" be a complete noncompact Kdhler manifold with positive bi¬ 
sectional curvature such that for some fixed point p e M, 

• Scalar curvature < for some Co > 0; 

• Vol{B(p,r)) > Cir^" for some Ci > 0. 

Then M" is biholomorphic to an affine algebraic variety. 

In Mok’s proof, the biholomorphism was given by holomorphic functions of polynomial 
growth. Therefore, Op(M) is hnitely generated. In the general case, it was proved by Ni 
E3i that the transcendental dimension of Op{M) over C is at most n. However, this does 
not imply the hnite generation of Op(M). The main result in this paper is the conhrmation 
of conjecture|2]in the general case: 

Theorem 2. Let M" be a complete noncompact Kdhler manifold with nonnegative bisec¬ 
tional curvature. Then the ring Op(M) is finitely generated. 

During the course of the proof, we obtain a partial result for conjecture[T] 

Theorem 3. Let M" be a complete noncompact Kdhler manifold with nonnegative bisec¬ 
tional curvature. Assume M is of maximal volume growth, then M is biholomorphic to an 
affine algebraic variety. 

Here maximal volume growth means Vol(B{p, r)) > Cr^" for some C > 0. This seems 
to be the hrst uniformization type result without assuming the curvature upper bound. 

If one wishes to prove conjecture[T]by considering (9p(M), it is important to know when 
Op(M) + C. In ll23l . Ni proposed the following interesting conjecture: 

Conjecture 4. Let M” be a complete noncompact Kdhler manifold with nonnegative bi¬ 
sectional curvature. Assume M has positive bisectional curvature at one point p. Then the 
following three conditions are equivalent: 

(l)Op(M) + C; 

{2)M has maximal volume growth; 

(3) there exists a constant C independent of r so that 5 < Here S is the scalar 
curvature. J means the average. 

In complex one dimensional case, the conjecture is known to hold, e.g., ESI. For higher 
dimensions, Ni proved (1) implies (3) in HTfj . The proof used the heat flow method. Then 
in ll26l . Ni and Tam proved that (3) also implies (1). Their proof employs the Poincare- 
Lelong equation and the heat flow method. Thus, it remains to prove (1) and (2) are 
equivalent. Under some extra conditions, Ni Il24l and Ni-Tam 1251 were able to prove the 
equivalence of (1) and (2). In ITSl . the author proved that (1) implies (2). In fact, the 
condition that M has positive bisectional curvature at one point could be relaxed to that the 
universal cover of M is not a product of two Kahler manifolds. 

In this paper, we prove that (2) also implies (1). Thus conjecture |4] is solved in full 
generality. More precisely, we prove 

Theorem 4. Let (M",g) be a complete Kdhler manifold with nonnegative bisectional cur¬ 
vature and maximal volume growth. Then there exists a nonconstant holomorphic function 
with polynomial growth on M. 

This theorem might be compared with the following open question in Riemannian ge¬ 
ometry: 
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Conjecture 5. Let M" be a complete noncompact Riemannian manifold with nonnegative 
Ricci curvature and maximal volume growth. Then there exists a nonconstant polynomial 
growth harmonic function. 

The strategy of the proofs in this paper is very different from earlier works. Here we 
make use of several different techniques: the Gromov-Hausdorff convergence theory de¬ 
veloped by Cheeger-Colding |[I]||2l||3]0, Cheeger-Colding-Tian Q; the heat flow method 
by Ni ^Q3\ and Ni-Tam 12511|23; the Hormander L^-technique lIT^lfTOl ; the three circle 
theorem El. 

The first key point is to prove theorem |4] By Hormander’s L^-technique, to produce 
holomorphic functions of polynomial growth, it suffices to construct strictly plurisubhar- 
monic function of logarithmic growth. However, it is not obvious how to construct such 
function by only assuming the maximal volume growth condition. In ETlllSOl . Mok-Siu- 
Yau and Mok considered the Poincare-Lelong equation yf^ddu - Ric. When the curva¬ 
ture has pointwise quadratic decay, they were able to prove the existence of a solution with 
logarithmic growth. Later, Ni and Tam 1^ 12^ were able to relax the condition to that 
the curvature has average quadratic decay. Then it suffices to prove that maximal volume 
growth implies the average curvature decay. 

We prove theorem |4] by a different strategy. We first blow down the manifold. Then 
by using the Cheeger-Colding theory, heat flow technique and Hormander Lf theory, we 
construct holomorphic functions with controlled growth in a sequence of exhaustion do¬ 
mains on M. Then three circle theorem ensures that we can take subsequence to obtain a 
nonconstant holomorphic function with polynomial growth. 

Once theorem m is proved, Hormander’s Lf technique produces a lot of holomorphic 
functions of polynomial growth. It turns out Op(M) separates points and tangent spaces on 
M. However, since the manifold is not compact, it does not follow directly that M is affine 
algebraic. In Mok’s paper Il20l . the proof of this part took more than 35 pages, even with 
the additional assumption that curvature has pointwise quadratic decay. 

In our case, there is a serious difficulty to prove that the map given by Od{M) is proper. 
We overcome this difficulty in theorem E] Again, the idea is new. We will apply the 
induction on the dimension of splitting factor for a tangent cone. All techniques above are 
employed. 

Once we prove the properness of the holomorphic map, it is straightforward to prove 
M is affine algebraic by using techniques from complex analytic geometry. Here the ar¬ 
gument resembles some part in M- Then we conclude conjecture |2] when the manifold 
has maximal volume growth. For the general case, we apply the main result in ifTSl . It 
suffices to handle the case when the universal cover of the manifold splits. Then we need 
to consider group actions. The final result follows from an algebraic result of Nagata fT2\ . 

This paper is organized as follows. In section 2, we collect some preliminary results 
necessary for this paper. In section 3, we prove a result which controls the size of a holo- 
morpic chart when the manifold is Gromov-Hausdorff close to an Euclidean ball. As the 
first application, we prove in section 4 a gap theorem for the complex structure of C". Sec¬ 
tion 5 deals with the proof of theorem |4] The proof of theorem [TT] is contained in section 
6. Finally, the proof of theorem|2]is given section 7. 

There are two appendices. For appendix A, we present a result of Ni-Tam in ll25l which 
was not stated explicitly (here we are not claiming any credits). In appendix B, we intro¬ 
duce some results of Nagata ll22l to conclude the proof of the main theorem. 
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2. Preliminary results 


First recall some convergence results for manifolds with Ricci curvature lower bound. 
Let (M”,y,,p/) be a sequence of pointed complete Riemannian manifolds, where y, 6 
M" and p, is the metric on M". By Gromov’s compactness theorem, if (M'',y,,p,) have 
a uniform lower bound of the Ricci curvature, then a subsequence converges to some 
{Moo,yoc,pca) in the Gromov-Hausdorff topology. See ifT^ for the definition and basic 
properties of Gromov-Hausdorff convergence. 

Definition. Let K, c M" —> Koo c Moo in the Gromov-Hausdorff topology. Assume 
are functions on M", /«, is a function on Moo- O,- are erGromov-Hausdorff approximations, 
lim e; = 0. If fi o O; converges to foo uniformly, we say f foo uniformly over K, Koo- 


In many applications, f are equicontinuous. The Arzela-Ascoli theorem applies to the 
case when the spaces are different. When {M'.',yi,pi) —> {Moo,yoo,poo) in the Gromov- 
Hausdorff topology, any bounded, equicontinuous sequence of functions f has a subse¬ 
quence converging uniformly to some /« on Moo- 

Let the complete pointed metric space {M”f,y) be the Gromov-Hausdorff limit of a 
sequence of connected pointed Riemannian manifolds, {(M", p,)), with Ric(Mi) > 0. Here 
has Haudorff dimension m with m < n. A tangent cone at y e is a complete 
pointed Gromov-Hausdorff limit iiMoo)y,doo,yoo) of {{Moo, r^^d,y)}, where d,doa are the 
metrics of Moo, (Moo),, respectively, (r,) is a positive sequence converging to 0. 

Definition. A point y e Moo is called regular, if there exists some k so that every tangent 
cone at y is isometric to A point is called singular, if it is not regular. 

In 13, the following theorem was proved: 

Theorem 5. Regular points are dense in the Gromov-Haudorff limit of manifolds with 
Ricci curvature lower bound. 

Results of heat flow on Kahler manifolds by Ni-Tam ll^ : 

Theorem 6. Let M" be a complete noncompact Kahler manifold with nonnegative bisec¬ 
tional curvature. Let u be a smooth function on M with compact support. Let 



Here H(x, y, f) is the heat kernel of M. Let ri(x, and A(x) be the minimum 

eigenvalue for rj(x, 0). Let 



Then t](x, t) — A(x, t)g^-^ is a nonnegative (1,1) tensor for t 6 [0, T]for T > 0. 
A detailed proof of this theorem is presented in appendix A. 

Hormander if theory: 


FINITE GENERATION CONJECTURE 


5 


Theorem 7. Let {X, co) be a connected but not necessarily complete Kdhler manifold with 
Ric > 0. Assume X is Stein. Let ip be a C°° function on X with yf-^ddp > cio for some posi¬ 
tive function c on X. Let g be a smooth (0, l)form satisfying dg — 0 and < +oo, 

then there exists a smooth function f on X with df — g and |/pe 

The proof can be found in IfTOl . page 38-39. Also compare lemma 4.4.1 in lfT4l . 

Three circle theorem in IflTlI : 

Theorem 8. Let M be a complete noncompact Kdhler manifold with nonnegative holo- 
morphic sectional curvature, p e M. Let f be a holomorphic function on M. Let M(r) — 
max \ f{x)\. Then log M{r) is a convex function of log r. Therefore, given any k > \, 

is monotonic increasing. 

This theorem has the following consequences: 

Corollary 1. Given the same condition as in theorem^ If f e Od{M), then is non¬ 
increasing. 

Corollary 2. Given the same condition as in theorem^ If fip) — 0. is non¬ 

decreasing. 

Remark. The three circle theorem is still true for holomorphic sections on nonpositive 
bundles. See page 17 of lfTTl for a proof. 

A multiplicity estimate by Ni ll^ lsee also @): 

Theorem 9. Let M" be a complete noncompact Kdhler manifold with nonnegative bisec¬ 
tional curvature. Then dim(Od{M)) < dim{pd{CT)). 

Note this result also follows from corollary[T] 

In this paper, we will denote by ...,Uk\....) any nonnegative functions depending 
on Ml,..., and some additional parameters such that when these parameters are fixed, 

lim ■ ■ ■ lim d)(Mi,..., m<.|...) = 0. 

Let C(n), C(n, v) be large positive constants depending only on n or n, v; c(n), c(n, v) be 
small positive constants depending only on n or n, v. The values might change from line to 
line. 


3. Construct holomorphic charts with uniform size 

In this section, we introduce the following proposition which is crucial for the construc¬ 
tion of holomorphic functions. 

Proposition 1. Let M" be a complete Kdhler manifold with nonnegative bisectional cur¬ 
vature, X & M. There exist e(n) > 0,(5 — 6(n) > 0 so that the following holds: For e < e(n), 
ifdcH(B(x, jr), BcfO, ^r)) < er, there exists a holomorphic chart (wi,...., wf) containing 
B(x, 6r) so that 

• Wj(x) = 0(1 < i < n). 

• I Tj ItCiPCy) - r^(y)\ < <l)(e|n)r^ in B(x,6r). Here r(y) = d{x,y). 

S=\ 

• |c/Wi(y)| < Gin) in B(x, 6r). 
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Proof. By scaling, we may assume r » 1 which is to be determined. Set R 


100 


» 1 . 


According to the assumptions and the Cheeger-Colding theory |[TJ(also equation (1.23) in 
01), there exist real harmonic functions hi,h 2 „ in B{x, 4r) so that 


( 1 ) 

and 

( 2 ) 


f ^ WiVbjt + ^ KVh,, Vh,) - 6/ < 0(e|n, r) 
JB(x,2r) j ji 


bj(x) = 0(1 <j< 2n); \Vbj\ < C(n) 


in B(x,2r). Moreover, the map F(y) - (bi(y), ...,b 2 „(y)) is a d)(e|n)r Gromov-Hausdorff 
approximation from B(x, 2r) to Bg 2 n(Q, 2r). According to the argument above lemma 9.14 
in 0(see also (20) in USD, after a suitable orthogonal transformation, we may assume 


(3) 


/ I 


\J^b2. 


, 5-1 


•Vhz^r <0(e|n,r) 


for 1 < s < n. Set w' — h 2 j-i + V-Th 2 . 5 . Then 


(4) 


/ 


\dw'f' < <l>(e|n, r). 


The idea is to perturb w' so that they become a holomorphic chart. We would like to apply 
the Hormander -estimate. First, we construct the weight function. Consider the function 


2n 


h(y) ^'fb^iy). 
>=i 


\h{y) - t^{y)\ < 0(e|n)r^. 


Then in B(x, r), 

(5) 

By (H, 

(6) |Vh(y)| < C(n)r(y) 
in B(x, r). The real Hessian of h satisfies 


(7) 


r y 

Jb{x,5R) 


\h^v(y) - 2guv\ < <i(e\n,R). 


Now consider a smooth function ip: with p(t) - t for 0 < f < 1; ip{t) - 0 for 

f > 2; 1^1, l^'l, \ip''\ < C(n). Let H(x,y, t) be the heat kernel on M and set 


(8) 


u(y) = 5R^p( 


r 


H{z, y, t)u(y)dy. 


Claim 1. uiiz) satisfies that (mi)q,^(z) > c(n)g^p > 0 in B(x, ^). 

Proof. Let /l(y) be the lowest eigenvalue of the complex hessian By (|2|, 


/ 

JB{: 


)B{x,5R) 

Then there exists E c B{x, 5R) with 


\Kp-2g^-f^ <^(e\n,R). 


ia/t 


vol(B(x,5R)\E) < ^(e\n,Ry,h^-^ > -g^j 


( 9 ) 


FINITE GENERATION CONJECTURE 


7 


on E. By Q, we may assume h(y) < 5R^ in B(x, 2R). Then u = h in B{x, 2R). We have 


( 10 ) 

( r \A\y)\dy)^- 
Jb{x,2R)\E 



\^8a/dy)'^ 


< ^(e\n,R). 


( 11 ) 


Therefore, 

( 12 ) 


1^1 < \Ua^\ 

f 

< Wih^-p - 2g^-p\ + \2<p'g^p + ^hah^l 
<Cin)i\h^^-2g^^\ + l). 


L 


B{x,5R) 


\X(y)\dy < C{n)R^\ 


Let A(z, 1) = / H(z,y, l)/l(y)t/y. Note by definition ([8]l, u is supported in B(x,4R). By (|9|l, 
d > i in £. For z e B(x, ^), 


f H(z,y,l)A(y)dy ^ f H(z,y, l)A(y)dy 
J Jb(x,4R) 


(13) 


-X 


B(x,2R)\E 


H(z,y, l)A(y)dy + 


X 


B(x,4R)\B(x,2R) 


H{z,y, l)A(y)dy 


H(z,y, l)A(y)dy. 


EnB(z,l) 


By heat kernel estimate of Li-Yau lfT9ll . H(z,y, 1) > c(n) > 0 for y e B(z, 1). Also, with 
volume comparison, we find H(z,y, 1) < C(n) fory, z 6 B{x,4R). 


(14) 


X 


B(x,2R)\E 


\H{z,yA)A(y)\dy<C(n) 


X 


B{x,2R)\E 


< C(n){ 


X 


B{x,2R)\E 


\A(y)\dy 

\A\y)\dy)Hvol(B(x,2R)\E))i 


< (S>(e\n,R) 


(15) r H(z,y,l)-l(y)dy> f H(z,y, l)dy > c(n) > 0. 

jEnB(z,l) ^ JEnBiz,!) 

Note d(y,z) > R for y 6 B(x,4R)\B(x,2R). Heat kernel estimate says H(y,z,l) ^ 
C(n)e~^. Therefore, by (flTl) . 

(16) r |//(z,y, l)/l(y)|flfy < C(n)e-"^R^’' < <h(X). 

J B(xAR)\B(x,2R) ^ 

Putting (O, (flST t, (fT^ in (fT3] >, we find 

d(z, 1) ^ J" H(z,y, l)A(y)dy > c(n) - 0(X|n) - (A>(e\n,R) 


(17) 
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for z 6 B{x, We first let B be large, then e be very small. Then A(z, 1) > c(n). We 
conclude the proof of the claim from theorem|6] □ 


Recall u, is defined in ([8]). We claim that there exists eo = eo(n) > 0 so that for large R, 


(18) 


min Mi(y)>4 max ui(y). 

yedB(x,^) yeB{x,eo%) 


This is a simple exercise by using the heat kernel estimate. One can also apply proposition 
|5]to conclude the proof. From now on, we freeze the value of R. That is to say, R = R(n) > 
0 satisfies claim[T]and (fTST l and ^eo > 100. 

Let Q be the connected component of {y e B{x, ^)|Mi(y) < 2 max Mi(y)) containing 

B(x, eo^). Then Q is relatively compact in B(x, and Q is a Stein manifold by claim[T] 
Now we apply theorem|2]to Q, with the Kahler metric induced from M. Take smooth 
(0,1) forms gs = clw' defined in (IHi; the weight function ij/ - u\. We find smooth functions 
fs in with dfs - gs and 


(19) r \fs?-e-'^cjf < f ^ < <l)(e|n). 

Jn Jn c c(n) 

Here we used the fact that r - lOOR = lOOR(n). By proposition |5] we find ijj - u\ < 
C(R,n) — C(n) in B(x,R). Therefore 


2, ,n 


( 20 ) 


r < f 

Jb(x,w) Jn 


< (b{e\n). 


Note Ws — w'^-fs is holomorphic, as dws - dw's—gs - 0. Since w' is harmonic(complex), 
fs is also harmonic. By the mean value inequality lIThl and Cheng-Yau’s gradient estimate 
||8l . we find that in B{x, 5), 


(21) |/.|<<l)(e|n);|V/,|<<h(e|n). 
Therefore, ([TJ implies 

(22) r I(w,),-^g0 _ 25s, \ < ^{e\n). 
Jb{xA) 

Claim 2. Wj(s = 1,...., ri) is a holomorphic chart in B(x, 1). 


Proof. Recall that (hi, ..., b 2 n) is an <l)(e|n) Gromov Hausdorff approximation to the image 
in R^". According to (|2TI) . on B{x, 1), w = (wi,...., w„) is also a 0(e|n) Gromov Hausdorff 
approximation to BcfO, 1). Thus w“'(Bc"(0, 1)) is compact in B(x, 1 -H d)(e|n)). First we 
prove the degree d of the map w is 1 . By (l22T i and that holomorphic maps preserves the 
orientation, d > 1. We also have 

1 r 

d ■ vo/(Bc"(0,1)) =- - I dwi A dWi A ■ ■ ■ A dwn A dwi^ 

(23) (-2 sfAY Jw-‘(Bm)) 

< (1 -H 0(eln))Vol(B(x, (1 H- <h(e|n))) -H 0(eln) 

by (ISTTl and (l22ll . This means that if e is sufficiently small, d = 1. That is to say (wi,..., w„) 
is genetically one to one in B(x, 1). Moreover, (wi,...., w„) must be a finite map: the 
preimage of a point must be a subvariety which is compact in the Stein manifold Q, thus 
finitely many points. According to Remmert’s theorem in complex analytic geometry, this 
is an isomorphism. □ 


We can make a small perturbation so that Wj(x) = 0 for 1 < s < n. This completes the 
proof of proposition[T] □ 
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4. A gap theorem for complex structure of C" 

As the first application of proposition[Tl we prove a gap theorem for the complex struc¬ 
ture of C". The conditions are rather restrictive. However, we shall expand some of the 
ideas in later sections. 


Theorem 10. Let M" be a complete noncompact Kdhler manifold with nonnegative bisec¬ 
tional curvature and p & M. There exists e(n) > 0 so that if e < e{n) and 


(24) 


vol(B{p, r)) 


y2n 


^ W2« ■ 


for all r > 0, then M is biholomorphic to C". Here a) 2 n is the volume of the unit ball in C". 
Furthermore, the ring Op(M) is finitely generated. In fact, it is generated by n functions 
which fonn a coordinate in C". 


Proof By scaling if necessary, we may assume B{p, 1) is close to the Euclidean ball 
B(0,1) in R^". In particular, dB{p, 1) is close to the sphere Consider the blow 

down sequence (M,,p,,g,) = (M,p, for s,- —> oo. According to proposition [1] and 
the Cheeger-Colding theory m, if e is sufficiently small, there exists a holomorphic chart 
{w\, ....,w‘f) on B(pi, 1). Moreover, the map {w\, ....,w'„) is a (S>{e\n) Gromov-Hausdorff 
approximation to BcfO, 1). We may assume 

(25) w'(p,) = 0 


for s = 1,..., n. We can also regard w(, as holomorphic functions on B(p, s,) c M. For each 
/, we can find a new basis v(, for span{w'fi so that 


(26) 

Set 


X 




= 6st. 


(27) 


M'{r) = max |v'Xx)|. 

x£B(p,r) 


Claim 3. < 2 -f <^>{e\n) for 1 < s < n. 

n 

Proof It suffices to prove this for i = 1. Let v\ - 2 Without loss of generality, 

i=\ ^ 

V' ■ " 

assume Ic'.I = max Ic'-I > 0. Then -f - w\ + T. aaw'. and la,-,I < 1. Since on M,-, 

l<j<n ^ ^ j=2 ■' 

(w'j,..., w‘f) is a <l>(e|n) Gromov Hausdorff approximation to BcfO, 1), we find 

n 

max \w'Ax) + Yj aijw'fx)\ 

M'ASi) _ ^<^B(p,sf " P 2 ^ ^ 

^s(. 2 ^i) jnax \w\{x) + Y 

xeB{p,tl) }=2 ■' 

max \w\ (x) -H Y o:iiw‘Xx)\ 

xeBipi,!) ‘ j=2 ^ 


max \w\ (x) -F Y cnijw'Xx)] 
xeB(pi,{) j=2 ■' 

< 2 -F ^(e\n). 


This concludes the proof. 


□ 
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According to the three circle theorem[8l is monotonic increasing for 0 < r < 


Then claim |3] implies 
(29) 


M'(2r) 


Mi(r) 


< 2 + <l>(e|n) 


M‘Ar) 

for 0 < r < From (|2^ . we find M^(|) < C{n). (l29l) implies 

(30) M'(r) < C(n)(r“ + 1) 

for a - \ + <]>(e|n). As s, ^ oo, by taking subsequence, we can assume ^ Vj uniformly 
on each compact set of M. Set 

(31) 

Then 

(32) MAr) < C(n)(r“ + 1) 

for O' = 1 + d)(e|n) and r > 0. We may assume Vj e Oi(M). Note that Vj also satisfies 


Mj(r) = max |vj(x)|. 

xeB{p,r) 


(33) 


Vsip) = 0(1 


< s <n)\ I 
Jbi 


v.vV, = (5,f 


B(p.l) 


Our goal is to prove (vi,v„) is a biholomorphism from M to C". 


Claim 4. Let e in ( 1241 ) be sufficiently small(depending only on n). If we rescale each Vj so 

that max Iv^l = 1, then in B{p, 1), (vi,v„) is a j^-Gromov-Haudorffapproximation to 
B(p,l) 

Bc-iO, 1). 


Proof. We argue by contradiction. Assume a positive sequence e, —> 0 and (M'.,qi) is 
a sequence of n-dimensional complete noncompact Kahler manifolds with nonnegative 
bisectional curvature and 


(34) 


vol{B(qi, r)) ^ 

^ ^2n 


for all r > 0. Assume there exist holomorphic functions u‘^(s = 1, n) on M' so that 


(35) 


u\{qi) - 0; u\ e Oi{M\ 




B(g„r) 


c‘^,6st', max \u‘^\ = 1. 
B(gi,l) 


Here c',, are constants. Assume in B{qi, 1), (u\,uf) is not a y^-Gromov-Haudorff ap¬ 
proximation to Bc'fO, 1). According to Cheeger-Colding theory fl] and (l34l i. (M', qi) con¬ 
verges to (R^", 0) in the pointed Gromov-Hausdorff sense. By the three circle theorem 
and drsl) . we have uniform bound for u'^ in B{qi, r) for any r > 0. Let i cx), there is a 
subsequence so that —> Us uniformly on each compact set. Moreover, by remark 9.3 of 
||5l(see also (21) in ifTSll ). there is a natural linear complex structure on R^". Thus we can 
identify the limit space with C". By lemma 4 in IfTSl . the limit of holomorphic functions 
are still holomorphic. Moreover, {m^) satisfy dTSl l. according to the three circle theorem. 
Thus Us are all linear functions which form a standard complex coordinate in C". There¬ 
fore in Bc„{Q, 1), (mj, ..., M„) is an isometry to Bc„{Q, 1). This contradicts the assumption 
that (Mj, ..., mJ,) is not a -jj^-Gromov-Haudorff approximation to Bc"(0,1). □ 


Recall that B{p, 1) is close to the Euclidean ball B(0,1) and dB(p, 1) is close to 
the sphere S^" *. By the degree theory and claim @1 we hnd that the degree of the map 
(vi,....,v„) in B{p, 1) is 1. This means dv\ A ■ ■ ■ A dvn is not identically zero. By (l32l i 
and Cheng-Yau’s gradient estimate, |4v/| < C(n)(r®^'^'"' + 1). Thus \dv\ A ■ ■ ■ A dvn\ < 
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+ !)■ The canonical line bundle Km has nonpositive curvature. Note by the 
remark following corollary| 2 l three circle theorem also holds for holomorphic sections of 
nonpositive bundles. Therefore, if the holomorphic n-form dv\ A ■ ■ ■ A dvn vanishes at some 
point in M, then |(fvi A ■ ■ ■ A dv„\ must be of at least linear growth, by corollary|2] Therefore, 
dvi A ■ ■ ■ A dVn is vanishing identically on M. This is a contradiction. 

Next we prove the map (vi,...., v„): M ^ C" is proper. Given any /? > 1, we can define 
a norm | ■ |r for the span of vi,..., v„ induced by Vs~t- There exists a basis v*,...., v* 
for the span of vi,..., v„ so that 

(36) r v^vf = 5st\ f Vj vf = c{R)s,6st. 

Jb(p,r) 

Here c{R)st are constants. That is, we diagonalize the two norms Hi and |■ |r simultaneously. 
Obviously we have 

n n 

(37) ^ |v,(a)P = ^ |vf(x)P 

S=l S=l 


for any x e M. To prove (vi,..., v„) is proper, it suffices to prove ^ Hf(-^)P is large for 

5=1 

X e dB{p, R) and large R. Define 


(38) 



where cf are positive constants so that 


(39) 


max wf (x) = 1 
xeB(pJi) 


for i = 1,...., n. Note |vf H = 1 and v^{p) = 0. According to corollaryand (|36] |. 

(40) c* > cR, 

where c - c{n) > 0, R > \. We can apply claim |4] to vf in B(p,R). Here we have to 
rescale the radius to 1. Then we obtain that (Rw^, ....,Rw^) is a ^^-Gromov-Hausdorff 
approximation from B{p,R) to Bc"(0,R). In particular, for any x e dB{p,R), there exists 
some io with |w* (a)| > 5 ^. Then 

, n n 

(41) |v* (a)| = |w« (a)| > —cR-, 2 |v,(x)|2 = ^ |y«(^)|2 > c(n)R\ 

5=1 5=1 


The properness is proved. 

As ^fvl A ■ ■ ■ A dvn is not vanishing at any point on M and (vi,...., v„) is a proper map to 
C", we conclude that (vi, ...., v„) is a biholomorphism from M to C". 

Next we prove Op{M) is generated by (vi,...., v„). We can regard (vi,..., v„) as a holo¬ 
morphic coordinate system on M. If / e Od{M), we can think / = /(vi,...., v„). It suffices 
to prove the right hand side is a polynomial. Indeed, \fix)\ < C(1 -F d(x, pY). Note by (|4TI) . 

|/(vi,..., v„)| < C((2 |v’.sP )2 + 1). This proves /is a polynomial of vi,...., v„. 
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5. Proof of theorem |4] 


Proof. We only consider the case for n > 2. Otherwise, the result is known. Pick p e M. 
Let 


(42) 


vol{B{p,r)) 

a = lim-r- > 0. 


y.2n 


Consider the blow down sequence {Mi,pi,gi) - {M,p,-^g) for i, ^ oo. By Cheeger- 
Colding theory IT], a subsequence converges to a metric cone (X, poo, doa). Define 


(43) r{x) - doc{x, Poo), X eX; rfx) - dgfx, pi), x 6 M,-. 

Now pick two regular points yo> ^ with 


(44) r(yo) = K^o) = 1; dooiyo, Zo) >c(n,a)>0. 

Note the latter inequality is guaranteed by theorem|5] There exists do > 0 satisfying 

(45) B(yo, 2do) n B{zq, 2do) = O; do < —; 


(46) dcH(B(yo, -do), Br 2”(0, -do)) < -edo; dcniBizo, -do), Bg 2 „{ 0 , -do)) < -edo- 

e e 2 e e 2 

Here e - \e(n), which is given by proposition [T] Therefore, if i is sufficiently large, we 
can find points y,, z, e M, with r,(y,) = r,(z,) = 1 and 

(47) dcniBiyi, -do), B^2„(0, -do)) < edo; dcH(B(Zi, -do), Br 2«(0, -do)) < edo- 

e e e e 

Let and be the local holomorphic charts around y, and z, constructed in proposition 
[1] Note that they have uniform size (independent of i). By changing the value of do, we 
may assume wf vj, are holomorphic charts in B(y,, do) and B{zi, do). Moreover, 

(48) \dw% \dv[\ < C{n)- w'(y,) = 0, v'(z,) = 0; 


(49) I ^ |<(y)|2 - 4(y, y,.)2| < 0(e|n)d2; 

. 9=1 


(50) I ^ Iv' (z)|2 - dgfz, Zif\ < 0(e|n)dg 

s=\ 

for y 6 B(y,, do), z e B{zi, do). We need to construct a weight function on B(pi, R) for some 
large R to be determined later. The construction is similar to proposition[T] Set 

(51) Ai^B(pi,5R)\B(pi,j^). 

By Cheeger-Colding theory ||T1((4.43) and (4.82)), there exists a smooth function pi on M, 
so that 

(52) r |Vp,- - + IVV/ - 9/1" < 

JAi ^ / 

A 1 

(53) |p,._^|<a,(_|/;) 

2 i 

in A/. According to (4.20)-(4.23) in III, 

(54) Pi - i(^,)^; = 0, A 6 Bipi, im)\B{pi, y^); 
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(55) gi - 
on d(B(pi, 10R)\B(pi, ^)). Now 

(56) |Vpi(y)| = C(n)|^,'|T^|V^,<y)|. 

By (|53ll-(l55li and Cheng-Yau’s gradient estimate, 

(57) |Vp,(y)l < C(n)n(y) 

for y e A, and sufficiently large i. Now consider a smooth function Tp: —» R^ given by 

pit) - t for f > 2; ^(f) = 0 for 0 < f < 1; |^|, |^'|, |^"| < C{n). Let 

(58) Ui(x) = ^7p{R^pi(x)). 

We set Ui{x) - 0 for x e B(p;, j^). Then m, is smooth in B(pi,4R). 

2 

Claims. For sufficiently large i, Jg(p,4R) IVMi-VirfpH-IV^Mi-g/p < <h(^); |m,-< <h(^) 
and |Vm,| < C(n)ri in B{pi,4R). 

Proof. We have 

(59) '^Ui(x) = 7p'{R^pi{x))Vpi{x)\ 

(60) V^M,(;c) = R?7p”{R?pi{x))'Vpi ® Vp,- -i- 7p\R^pi{x))'V^pi. 

The proof follows from a routine calculation, by (l53T l. (l54l) . (l57l i. □ 

Similar as in proposition [T] consider a smooth function (f. R’*^ ^ R^ with (p{t) - t for 
0 < f < 1; pit) = 0 for f > 2; |^|, \ip'\, \ip''\ < C{n). Set 

(61) vi{z) = 37?^(/)(^^), Vi^tiz) = J" Hi{z,y, t)vi(y)dy. 

Here Hi{x,y,t) is the heat kernel on M,. Then v, is supported in B{pi,4R). By similar 
arguments as in claim[T] we arrive at the following: 

Proposition 2. v;,i(z) satisfies that (vi)^^(z) > c{n, a)g^p > 0 for z e B(p;, ^). Flere a > 0 
is given by ( I42l >. 

Now dehne 

« Z l<P „ Z K\^ 

(62) qfx) = 4n(log( |w' hT(4^^^) + log(^ |v'|2)^(4izi^)). 

s=l "o i=l "o 

Here T is a standard cut-off function R^ ^ R^ with A(t) = 1 for 0 < t < 1; A(t) - 0 for 
t > 2. Note by (l49l l and (fSOl l. qi(x) has compact support in B(yi, do) U B(zi, do) c B(pi, 2). 

Lemma 1. '^^ddq-, > —C(n, do)cOi. Moreover, is not locally integrable atyi and Zi- 

Proof 

(63) I '^dd\Wf\ = \dw\ A ^1 < \dw\\^ < C{n) 

Z 

in B(y„ do). When A'(4^^4^) + 0, 

dl>^Ws^>\dl. 


( 64 ) 
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Also note 

n 

(65) V^551og(^Kp)>0 

s=\ 

in the current sense. Then the proof of the first part follows from routine calculation. 

For the second part, when x 6 B(y;, -. As w'(y,) = 0 for all s, a 

(ZlHiP)"" 

simple calculation shows is not locally integrable at y,-. The same argument works 

for Zi- □ 


Putting proposition|2]and lemma [T] together, we hnd C(n, a, 5o) > 0 so that 

(66) "4^dd{qi{x) + C{n, a, 5o)v,',i(x)) > cu; 
in B{pi, ^). Set 

(67) (//i(x) = qi(x) + C{n, a, do)v,-i(.x). 


By the same argument as in proposition [T] we find eo = eo(a,«) > 0 so that for suffi¬ 
ciently large R, 


( 68 ) 

Of course, we can assume 
(69) 


min v,_i(y) > 4 max v;,i(y). 

yedBipi,^) yeB{pi,€o^) 


epR 

20 


>4. 


From now on, we freeze the value of R. That is. 


(70) 


R — R(n, a) > 0 


satishes the all the conditions above. Let O, be the connected component of {y 6 B{pi, ^)|v,,i(y) < 
2 max Vi i(y)) containing B(pi, eo^)- Then O/ is relatively compact in B(pi, and Q/ 

ympi,€o^) 

is a Stein manifold, by proposition^ Also B(p,, 3) c O,. 

Now consider a function fi(x) — 1 for x e B(yi, f, has compact support in B(y,, 6o) c 
B(pi, 2); |V/i| < C(n, a, do). We solve the equation dhi - dfi in Q, with 


(71) r \hi\^e-*‘< f |5/i|V'^- <C(n,a,5o). 

JOi JOi 

By lemma [1] /i,(y,) = hi(zi) = 0. Therefore, the holomorphic function pi — ft - h, is not 
constant in fl,. It is easy to see that i/',(x) < C(n, a, do) in B{pi, 3). Then 


(72) 

Thus 

(73) 


—r \hif< f lhil^e~‘^‘<C(n,a,do). 
C(n,a,do) Jb(p,, 3) Jn, 


f \pi\^<2 f {M^ + \fi\^)<C{n,a,do). 

JB(pi,3) Jb(i 


>B(p„3) 


Mean value inequality implies that 


(74) |ju/(x)| < C{n, a, do) 
for X e B(pi, 2). Therefore, the holomorphic function 

(75) v*(x)^pi{x)-pi(pi) 
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is uniformly bounded in B{pi, 2). Set 


(76) 

Then 


M'(r) - max |v,(x)|. 

xeB{pi,r) 


ill) 


M'(2) < C(n,a,So). 


On the other hand, as yU;(y,) = /(y,) - /i,(y,) = 1 and piizd = fizd - htizd = 0, we find 


(78) 

Therefore 

(79) 


M'd) > 


1 

2 ' 


m;(2) 

M'd) 


< C{n, a, ho). 


Now we are ready to apply the three circle theorem. More precisely, we consider the 
rescale functions v* = jS, v* in Bip, 2s,) c M. Here /I, are constants so that 


(80) r |T*|' = 1. 

Jb(p,2) 

This implies 

(81) |v*|<C(n,a) 

in Bip, 1). Set M,(r) = max |v*|. The three circle theorem says is monotonic 

xeB(p,r) 

increasing for 0 < r < s,-. By (|79] | and similar arguments as in (l32l i. we obtain that 

(82) M,(r) < Cin, a, ho)(r^^"’“’*^ + 1) 


for all i and s, > r. Let i ^ oo, a subsequence of v* converges uniformly on each compact 
set to a holomorphic function v of polynomial growth, v cannot be constant, as v satisfies 
v(p) - 0 and ~ ^' Moreover, the degree at infinity is bounded by Cin, a, ho). □ 


Remark. By Gromov compactness theorem, we can find ho = 6oin,a),yo,ZQ satisfying 
and ( 1461) . Therefore, the degree of the holomorphic function at infinity is bounded 
by Cin, a). The dependence on a is obvious necessary if we look at the complex one 
dimensional case. 


Corollary 3. Let M" be a complete Kdhler manifold with nonnegative bisectional cur¬ 
vature and maximal volume growth. Then the transcendental dimension of polynomial 
growth holomorphic functions is n. Moreover, OpiM) separates points and tangents on M. 

Proof. From theorem @1 there exists a nonconstant holomorphic function / of polynomial 
growth. First we assume the universal cover of M does not split as products. Then by 
theorem 3.1 in ll25l . if we run the heat how for log(|/p + 1), the function becomes strictly 
plurisubharmonic of logarithmic growth. Then we can apply Hormander’s Lf estimate(for 
example, theorem 5.2 in ll23]l l to conclude that OpiM) separates points and tangents on 
M. Together with the multiplicity estimate theorem |9] we proved that the transcendental 
dimension of holomorphic functions of polynomial growth over C is n. If the universal 
covering splits, we work on the universal covering space. Each factor must be of maxi¬ 
mal volume growth. Then we can find nonconstant holomorphic functions of polynomial 
growth. Then we run the heat how for each factor to obtain strictly plurisubharmonic func¬ 
tions of logarithmic growth. Then we add these function together, which is still strictly 
plurisubharmonic. Finally, to put these functions back to M, just observe that Ji\iM) is 
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finite, then we can symmetrize the function. Then it projects to M, still with logarithmic 
growth. Then the argument is the same for the nonsplitting case. 

□ 

Remark. In this case, one can actually prove M" is biholomorphic to a quasi-affine va¬ 
riety. This follows from Mole’s deep work in 1201 . However, with the aid of the theorem 
below, we shall give a direct proof that M" is biholomorphic to an affine algebraic variety. 


6. A properness theorem 

Theorem 11. Let M" be a complete noncompact Kdhler manifold with nonnegative bisec¬ 
tional curvature and maximal volume growth. Then there exist finitely many holomorphic 

N 

functions of polynomial growth f\, ....,fN so that 2 > cd(x,p)^. Here p is a fixed 

point on M and c > 0 is a constant independent of x. 


Proof. Put 
(83) 


vol(B(p,r)) 

- lim-T- > 0. 

/'~>DO 


Proposition 3. Let (Y",q) be a complete Kdhler manifold with nonnegative bisectional 
curvature. Assume > v > 0 for all r > 0. There exists e{n, v) > 0 so that if 

e < e(n, v) and if there exists a metric cone (X, o)(o is the vertex) with 


(84) dcHiBiq, -R), Bx(o, -R)) < eR, 

e e 

then there exist N — N( v,n) e N, 1 > i5i > 5^2 > d(v,n) > 0 and holomorphic functions 
g', ...,g^ in B{q,6\R) with gfq) — 0 and 

N N 


(85) 


min y \gf x)\^ 

xedB(q,^R)^ 


> 2 max 
xeB{q, 62 R) 


2=1 


Furthermore, for all j. 


( 86 ) 


max Igfx)]^ 

xeB(q,\diR) 

max \gKx)\^ 

xeB(q,)SiR) 


< C(n, v). 


Proof. It is clear the proposition is independent of the value of R. Then, by scaling, we 
may assume R is sufficiently large, to be determined. Assume 

(87) A = X Z. 

We will do induction on k. For the case k - 2n, the proposition reduces to proposition [T] 
Assume the proposition holds for k -2s and fails for k -2s —2. Then there exist complete 
Kahler manifolds (Y",qi){i e N) with nonnegative bisectional curvature and > 

V > 0 for all r > 0; metric cones (A;, o,) with 

(88) (A,, Oi) = (R2-2, 0) X (Z,, z*); dcuiBiqi, iR), Bx,(o/, iR)) < <1>( j|/?). 

But the proposition fails to hold uniformly for any subsequence of T,. By passing to a 
subsequence, we may assume (A,, o,) converges in the pointed Gromov-Hausdorff sense to 
a metric cone (Aq, oq). Of course, there exists a sequence s, oo with 

(89) (Ao, oo) = 0) X (Zo, zlf, dcHiBiqi, stR), Bxfoo, SiR)) < (&( jlf?). 
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Zb does not split off a factor by induction hypothesis. Similar to the construction in 
dSB, we have a function v/j so that in B(qi, lOf?), 


(90) 

VMcJ5v;y 

> c(n, v}a>i > 0; 


(91) 

min V; 

i(y)>4 max v;,; 

i(y); 


yeB(qi,kR)\B(qi,\K) 

yeB(qi,S,R) 

(92) 

min V/ 

;i(y) > 4 max v,- 

,i(y) 


yeB{qi,‘-l-R)\B(qi,‘-lR) 

yeB{qi,64R) 


Here ds = v) > 0(s = 3,4). By proposition|5] we may also assume 

(93) 4 max vn(y) > > 100. 

yeB(qi,S4R) ’ 2 

Now we freeze the value of R. That is to say, 

(94) R = R{n, v) > 0. 

Then 


(95) 


|v/,iCy)| < C(R,n,v) = C(n,y),y 6 B(qi,R). 


Let Q, be the connected component of {z|v, I (z) < max v, i) containing B(fl,, 53 /?). As 

B(q,,S4R) ’ 

before, we see Q, is Stein. 

According to (l89]) and (2.4)-(2.11) in |j5l, there exist harmonic functions b'^il < I < 
2s - 2) in B{qi, 2R) with 


(96) 




< <l>(-|n); 
i 


(97) b‘(qd = 0; \Vb‘\ < C{n) 

in B(qi,R). Moreover, in B{qi,R), {b\, ...,^ 21 - 2 ^ approximates the (yi, ...,y 2 i- 2 ) with error 
<I)(y|n). Here (yi, ...,y 2 s- 2 ) is the Euclidean coordinate in {Xq,oq) = (R^^“^,0) x (Zo,Zg). 
By similar arguments as before, we may assume that 

(98) r l-/VZ2L-.-V(2Ll"^®(7l«) 

JB(qi.R) I 

for 1 < m < i - 1. Set M>J„ = ^ 2 m-i Then 

(99) r idwif < 0(i|n). 

jB(q,,R) I 


Then by solving d problem as before, we find holomorphic functions vyj„(l < m < s - 1) 
with 

(100) <(?,) = 0; K, - vvLl < cl)(i|n) 

in B{qi, |). Recall ^3 appeared in (|92] |. For sufficiently large i, define 


( 101 ) 


63 R ^ 

Ei = {x\x 6 dB(qi, —), ^ 


(rf 

27 ’ 


E = 


= {v|x 6 5 Bii 2 ,,- 2 xz„(( 0 ,zS), ^), \yk\^ ^ 


2s-2 


ihRf 


k=l 


( 102 ) 


18 
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serve from the definition and (|9^ . if 6 dB(qi, ^)\Ei, 


Then the limit of Ei is contained in E under the Gromov-Hausdorff approximation. Ob- 

StR 

3 

m=l 


(103) 


> 


27 


> 1 . 


For X e E, let Cx be a tangent cone. Then Cx must split off a factor '. Since Cx is the 

Gromov-Hausdorff limit of Kahler manifolds with noncollapsed volume and nonnegative 
Ricci curvature, Cx splits off a factor by 0. Thus there exists 

63R 


> rx>0 


20 


dcH(B(x, -rx), Bw(w, -rx)) < erx; (W, w) = (R^", 0) x {H, h*). 
e e 


(104) 
with 

(105) 

Here e < e(n, v) satisfies proposition[3for the case X splits off R^^; (H, h*) is a metric cone 
with vertex at h*. By compactness, there is a uniform positive lower bound of rx, say 

(106) r, > RoiXo) > 0 
By Gromov compactness, we actually have 

(107) rx> Ro= Ro(n, v) > 0. 

Then for sufficiently large i and any point x,- e E,, 

(108) 


dcniBixi, -rxi),Bwiiwi, -rx.)) < erx,. 
e e 


(109) 


^ > rx, >Ro>0- (IT,-, Wi) = (R2^ 0) x (//,-, h*). 


Here e is the same as in (11051) : {Hi,h*) is a metric cone with vertex at h*. We apply the 
induction to B(x,, ^rx,). By induction hypothesis, there exist 

(110) 1 > di > 5d2 > 5(n, v); = A^(v, n) 6 N 

and holomorphic functions g-!(l < j < N) in B{xi, Sirx,) with 

N N 

(111) gjixd^O; min ^ |g/(x)|^ 




> 2 max 


( 112 ) 


max \gjix)f- 

xeB{Xi,\6irx.) 

max \g\(x)\'^ 


xeB(xi 


< C(n, v). 


ax 


By normalization, we can also assume 

(113) 


max max |g^(y)| = 2. 
j yeB(xi,d2rx,) ' 


Note by three circle theorem. 


max \g^.(y)\<C(n,v). 


(114) 




FINITE GENERATION CONJECTURE 


19 


Set 

N 

(115) F^ix) = 

j=i 

Let A he a standard cut-off function: —> R+ given by A{t) - 1 for 0 < f < 1; A(t) - 0 for 

t > 2; \A'\,\A"\ < C(n). Consider 

(116) hi(x) = 4n \ogFi(x)A(Fi(x)). 

By (111 lb and (II 13l l. hi{x) is supported in B(xi, ^^). Similar to lemma[T] It is easy to check 
that 

(117) ^'PAddhj(x) >—C{n,v)(x)i. 


Therefore, there exists ^ = f(n, v) > 0 with 

(118) V^5cJ(^v/,i -I- hi) > ojj 

in Q,. We will assume such ^ is large, which will be determined later. Set 

(119) (f>(x) = ^v^(x) + hiix). 

Now consider a function 

( 120 ) 


d(x,Xi) 

Bi(x) = —)■ 


Here ip(t) = 1 for f < |; (f{t) - 0 for f > 1 and \ip'\ < Cin). Then it is clear /r,- is supported 
in B{xi, 5ir^^. Also, by (11091) . 

(121) |V;U,|<C(n,v). 

We solve the d problem 5s,■ = d^i in fl, satisfying 


( 122 ) 


f e-^\si\^< f e-^ld/iiil 

jQi Jn, 




e-^Wi\ 


<exp(-^ min v/,i(y))C(n, v). 

ymqi,Ap)\B(qi,^) 

Slfxj s 


Here we used that hi is supported in B(xi, We also used that 
(123) 


d'yR S^B 

B{xi,6ir,,) C Biqi, -^)\B(qi, 


by ( 11091 ). Observe by ( |92] ). yu, vanishes in B(qi, ^ 64 R). Hence s, is holomorphic in B{qi, J 64 R). 
Mean value inequality implies for x e Biq,, ^), 


\si(x)\ < 


c(n, v)(d 4 R)^" 




(124) 


<exp(^ max v,-i(y))- 

yeB(qi,diK) c(n, v)((547?)2" 

<exp(-^( min v,-i(y)- max Vi,i(y))) 


1 


yeB(q,,‘-^)\B(q,,‘-l^) 


yeB{qi,d^R) 


c(n, v)(S4R)^^ 


e 4 


c(n, v)(^ 4 ^)^” 
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Here we used (|92] > and (|9^ . If ^ is large (depending only on n, v), then we can make 

(125) k,(x)| < ^ 

for X 6 B{qi, ^). Now we freeze the value of ^ = ^(n, v). Note that the local integrability 
of Si forces Si(xi) = 0. Set 

(126) w]{x) = Hiix) - Siix). 

Then 

(127) w‘(x,) = l;|w/(^)|<^ 
in B(qi, ^). Set 

(128) fl{x)^w]{x)-w]{qi). 


Then 

(129) fliqi)-o-\fl{xi)\>^. 

By (1122b . we find 

(130) \fl{x)\ < C{n, V), \Vfl{x)\ < C(n, v), x e B(qi, ^). 
Therefore, there exists 65 ( 11 , v) > 0 so that 

(131) \f,Hx)\ > i 

in B(xi, 65 R). We can take x-' e E with j - 1,2,..., K,K - K(v, n). Also 

(132) U,- B(xK ^) d £; ^ > r,. > Ro(n, v) > 0; 


(133) dcH(B{xK -r,i), B^Awj, -r,;)) < er,r, (WA wA = (R^^ 0) x (HA (hr). 

e e 

Here (HA (hA*) is a metric cone with vertex at (hA*. Then for sufficiently large i, we can 
find xA e £,, j — I ,..., K with 

(134) dcH(iB(xA -r^j), B^i(wj,-r^A) < er^r, 

e e 


(135) 

Now we can apply the induction argument above for each geodesic ball B(xA L^j)- We 
obtain holomorphic functions fj in B(qi, 63 R) satisfying 

(136) \f/(x)\ > i 
for X e B(x., 65 R); 

(137) \f/(x)\ < C(n, v), X 6 B(qi, ^^); f!(qi) = 0. 

Put Gi(x) = Z \f!?' + Z* l<P- Then by (HOOll, (Umll and (fT37ll . 

j-\ m=\ 

|VG,(x)| < C(n, v), X 6 B(qi, ^); G,(^,) = 0; 


(138) 
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(139) |G,(x)| >^,xe dBiqi, ^). 

Therefore, there exists - 6(,{n, v) > 0 with 


(140) 


max \Gi{x)\ < 
xeB(q„6f,R) 10 


This contradicts the assumption that the proposition does not hold uniformly for (Y",qi). 
The proof of proposition[3is complete. □ 


We continue the proof of theorem [TT] For any sequence r, —> oo, Set (M, ,p,) = 
{M,p, r7^g)(we shall make r, explicit in proposition!?] below). Then there exist R" —> oo 
and metric cones (Xi, x*)(x* is the vertex) with 

(141) dcH(B(Pi,R''),Bx,(x%R'')) < 

K. 

I 

Let di(x) = di(x,pi) for x e M,. Following the construction in (fS^ and claim|5] we find a 
sequence R'. —> oo, functions pi in M, satisfying 

(142) r |Vp,- - + |v2p. _ g.\2 < q)(i). 

JB(piAR'i) ^ * 

Also, in B{pi, 4/?'), 

S 1 

(143) |p._^|<0(-);|Vp,|<C(n)uf,-. 

2 i 

As before, consider a smooth function ip\ R'^ ^ R^ with ip{t) - t for 0 < f < 1; (f{t) - 0 
fort > 2; < C(n). Set 

(144) Viiz) = 3(7?:)V(|0) 

Then v, is supported in B(pi,4R'.). Let Hi(x,y, t) be the heat kernel of M,. Consider the 
function t,(x) = log(l + Viix)) and define 

(145) Tp(z) = r Hi(z,y,t)Ti(y)dy. 

JMi 

Let = d\{n, v) be given by proposition]?] By (11431 1. we have 

(146) min r,-- max t,-> 2c(n, v) > 0. 

T, is of logarithmic growth uniform for all i. By heat kernel estimates, there exists fo = 
y) > 0 so that 

(147) min max t,-> c(n, v) > 0. 

On a smooth Kahler metric cone, let r be the distance function to the vertex. Then 
^ndd\og{l + \r^) is positive (1,1) form away from the vertex. Since Ti resembles log(l + 
|r^), by similar arguments as in proposition |2l we find that in B(p,, 5), 

(148) > c(n, y) > 0. 

By proposition]^ for any fixed R and sufficiently large i, in B(pi, R), 

(149) c(n, y) log(^f,■(x) + 2) - C{n, y) < t,-,„(;«) < C(n, y) log(di(x) + 2); 


yPAddr^oix) >0,xe B(pi,R). 


( 150 ) 
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Therefore, there exist sequences oo,Ci oo sothatr.^|^({c|c < Ci})nB{pi,Ri) 

is relatively compact on B(pi,Ri). Also 

(151) T-‘({c|c < c,)) n B(pi,Ri) 3 B(pi,Riy, 


(152) > 0 

in T“'({c|c < c,)) n B{pi,Ri). Let Q, be the connected component of r“j'({c|c < c,)) con¬ 
taining B{pi,Ri). Then Q,- is a Stein manifold. 

According to proposition 12 there exist holomorphic functions wl(l < j < K - K{n, v)) 
in B(pi, 3)(here we take ^ in proposition^ so that 

(153) w‘j(pi) - 0;max max |w' | = 1; 


(154) 


mm 

xedB{pi,l) 


£k(x )|2 




>2 max ZK(x)| 

xeBipi,-^) 


2 . 


(155) 

Then of course, in B(pi, |), 

(156) 


max |w'.(x)p 

xeB(pi,l) 

max |h’'.(x)P 

xeB(pi,l) J 


< C(n, v). 


\w){x)\ < C(n,v). 


Also, by three circle theorem, we have 


(157) 
Thus 

(158) 



min 

xedBipi,!) 


K 

2 |w'(x)P>c(n,v)>0. 

2=1 


Now consider a cut off function Ai(x) - A(di(x)) with T,- = 1 in B(pi, ||); d, has com¬ 
pact support in B{pi, 2|); |Vd;| < C(n, v). Let vvf = Then dw‘j is supported in 

B{pi, ||)\B(p„ ||). We solve the 5-problem dfj - dw'. in Q, with the weight function 
Ip; = Here tj - rj{n,v) is a very large number to be determined. Then by (11481) . we 
have 


(159) 

This implies that 


(160) 

Let 


I 


i/;iv 


c(n, v) 


i 




B(Pi,^,) 


fB(p,,i)\B(pi,§) ^ 

c(n, v) 


(161) 


f;(x) = w‘(x) - f]{x) - (w)(pi) - f](pi)). 
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By (1147b . (1153b . (1154b . (1156b . (1158b and similar arguments as in (1124b . if r; = //(n, v) is 
large enough, we can make |/j| so small in B{pi, 1 ) that 


(162) 


C(n, v) > 


K 


min 

xeaB{pi,l) 


2i/;wr- 


3 ^ ^ 

> T max V \ fj(x)f- > c(n, v) 


Now we freeze the value rj - rjin, v). (1149b says \}/i is of logarithmic growth uniform for all 
i. By (1159b and the mean value inequality, we find C = C{n, v) > 0 so that for any R > 0, 
if i is sufficiently large. 


(163) 


\f;(x)\ < cidiixf + 1 ) 


for X e B(pi,R). By passing to subsequence, we can assume (Mi, pi) (Moo,Poi) in the 
Gromov-Hausdorff sense. Also, /j converges to /“ which is of polynomial growth of order 
C on Moo- 


For C in (1163b . let V - span{g e 02 c(M)\g(p) = 0) and let k - dim(V). Take a basis gs 
of V satisfying 

(164) r gig, ^ 6s,. 

Jb(p,\) 

Proposition 4. There exist constants R > Q and c > 0 with 2 l.gi(A)P > cr{x, p)^ for 

S 

r{x, p) > R. 


Proof. Assume the proposition is not true. There exist r, oo and points x, with 

r 2 

(165) dip, Xi) = n, ^ \gs{Xi)\^ < y. 

We follow the notations from page 21 to page 23. For each i, There exists a basis g'^ of V 
with 

(166) r g‘sgi = 6 s,-, f gsgi = xis, 6 s,. 

Jb(p,1) Jb(p„1) 

Here are constants. Then (11641 ) and ( 11661 ) imply 

(167) 

S S 

Note by three circle theorem and mean value inequality, 

(168) > crj 
for some c = c(n, v) > 0. Then h‘ = —^ satisfies 

V^'ss 

(169) r h‘j4 = 6s,. 

JBipiA) 

Three circle theorem and mean value inequality imply 

(170) 0 < c(n, v) < max |/i^(x)| < C(n, v). 

B(Pi,l) 

After passing to subsequence, we may assume M, —> Moo and hffj all converge. Say 
h‘s /?“; f'j f°° uniformly on each compact set. Clearly hfis = 1, ..,k) are linearly 
independent on Moo- 


Claim 6. spanif^} c spanlhf] on Moo. 
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Proof. Assume the claim is not true. Set V - span{f°°,hf). Then dim{V') > k. By 
three circle theorem, /“, hf are of polynomial growth of order 2C. Take a basis ui,u,„ 
of V', m > k + 1. Therefore, m;(1 < I < m) are of polynomial growth of order 2C. For 
any f e V', f satisfies three circle theorem. That is, if M{f, r) - max \f{xy\, logM(/, r) 

B(Poo,r) 

is convex in terms of log r. The reason is that / is a limit of holomorphic functions of 

k K . 

polynomial growth on M,. Write ui - + 2 HfT- Here are constants. 

j=i j=\ 


k , K . , 

Define u', - Yj + 2 Then u‘, ui uniformly on each compact set. As m; is a 

.5=1 i=i 

basis for V, for sufficiently large i, are linearly independent on B{pi, 1). We can also 
regard m' as holomorphic functions on B(p, 3r,) on M. Let vj be a basis of spaniu'j} with 

J v\v\ - 6it. Let us write v) = 2 Here are constants. We are interested in 

’ f—1 


(171) 


Fi.i = 


max |v,| 
max |v',| 


max I Y 
B(pi,2) ,= i " 


max I Y Ci uil 
B(Pi,l) ,= 1 


In the quotient, we can normalize the coefficients CL so that max |CL| = 1. As m; are 

l<f<m 

linearly independent on Moo, by a simple compactness argument and three circle theorem 
for V on Moo, we see that for i sufficiently large, I < I < m, 

(172) Fij<(2 + ef^ 


for any given e > 0. As before, we can apply the three circle theorem to find a subsequence 
of v‘i converging to linearly independent holomorphic functions v/ on M, satisfying vfp) - 
0; deg{vi) < 2C. As I is from 1 to m and m > k, this contradicts that dim{V) - k. □ 


Given claim|6l we find /j is almost in the span{h‘^]. More precisely. 


(173) 

lim max \fj(x) - V = 0 

/—»co5(n,,l) •' 

s 

for - 

JS 

fsip 1 ) particular, \c‘jJ < C{n, v). By JT^, 



(174) 

min V |/j(x)|^ > - max V \f‘(x)\^ > c(n,v) > 0. 

Hence 


(175) 

C(n, v) min ^ \h\f > c(n, v) > 0. 

dBipi,!),^ 

S 

Finallv bv (|168b. 

(176) 

I,;|2 \8‘f < 1 ^ 5 !^ 

I«5l = ^ ^ —• 

Tjs erf 

Then from (|167b. 

(177) 

min y |g/ = min V = min V \g’f > c{n, v)r] > 0, 

dB(pi,l)^ ' 

s s s 


This contradicts ( 1165b . 
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To conclude the proof of theorem[TT] we just need to add the constant function 1 to V. 

□ 


7. Completion of the proof of theorem |2] 

Theorem 12. Let M be a complete noncompact Kdhler manifold with nonnegative bi¬ 
sectional curvature and maximal volume growth. Then M is biholomorphic to an affine 
algebraic variety. Also the ring of holomorphic functions of polynomial growth is finitely 
generated. 

Proof. Given any ^ e N, let = dimc(Ok{M)). Define a holomorphic map from M to 
C"* by Fkix) - (^i(a), ....,g„fx)). Here gi, ....,gnt is a basis for O^iM). When k is getting 
larger, we only add new functions to the basis (that is, we do not change the previous 
functions). Our goal is to prove that for sufficiently large k, is a biholomorphism to an 
affine algebraic variety. 

Below the value k might change from line to line, basically we shall increase its value 
in finite steps. First assume k is large so that the functions f\, ...,fN constructed in theorem 
nriare in Ok{M) and they separate the tangent space at a point p e M. Let a be the ideal of 
polynomial relations of functions gi,..., gn^. That is to say, 

(178) a = {p(gi,...,gnt)\p(gi(x),...,gntix)) = 0,Va e M). 

Here p is a polynomial. Then a is a prime ideal. Let Ej; be the affine algebraic variety 
defined by a. Then dimCZk) - n, as the transcendental dimension of (gi, ...,gnt) over C 
is n. Moreover, dim{FifM)) = n, as the tangent space at p is separated. By theorem fTTl 
Fk is a proper holomorphic map from M to C"L Hence the image of Fk is closed. By 
proper mapping theorem, the image of Fk is an analytic subvariety of dimension n. As 
is irreducible, Fk(M) - Ej^. 

Our argument below is very similar to some parts of IfTTl . Given any point in E*-, the 
preimage of Fk is a compact subvariety of M, as Fk is proper. As M is a Stein manifold(M 
is exhausted by Q, which are Stein), The preimages contain only finitely many points. 
Given a generic point y 6 E,t, we can find polynomial growth holomorphic functions sep¬ 
arating Ff^(y). Therefore, by increasing k, we may assume Fk is generically one to one. 
Note that \f x e Y^k and the preimage of x contain more than one point, then x is in the 
singular set of Ej;, say S (Lk)- Write S (Zk) as a finite union of irreducible algebraic sub- 
varieties E'(l < s < tk). Set h = dim{S(Zk)). Let us assume dim(Z'f) - dim{S{Zk)) for 
I < s < rk < tk. For a generic point x e E', the preimages under Fk contain finitely many 
points. Therefore, we can increase the value of k so that the preimages of x and their tan¬ 
gent spaces are separated. In this way, the dimension of S (Zk) is decreased. After finitely 
many steps, Fk becomes a biholomorphism from M to E^ which is affine algebraic. 

Claim 7. We can identify polynomial growth holomorphic functions on M with regular 
functions on Zk via Fk. Thus Op(M) is finitely generated. 

Proof. First, by theorem 3.2 in lfT3l . regular functions on Zk are identified with the affine 
coordinate ring of Zk. Thus, any regular function is of polynomial growth. Since the tran¬ 
scendental dimension of Op(M) is n over C, we may assume the affine coordinate functions 
generates the field of Op(M). Then every polynomial growth holomorphic function is ra¬ 
tional, hence a regular function on M. □ 


The proof of theorem[T2]is complete. 


□ 
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Corollary 4. Let M be a complete noncompact Kdhler manifold with nonnegative bisec¬ 
tional curvature. Then the ring of holomorphic functions of polynomial growth is finitely 
generated. 

Proof. We first consider the case when the universal cover does not split. By theorem 2 in 
M, if there exists a nonconstant holomorphic function of polynomial growth on M, then 
M is of maximal volume growth. Then then the result follows from the theorem above. 

In the general case, let M be the universal cover. Let G be the fundamental group of M. 
Let E be the set of G-invariant holomorphic functions of polynomial growth on M. We can 
identify E with Op(M). Given any f e E, consider 

(179) ujix)^ f Hy,{x,y,t)log{\f(yt+l)dy, 

Jm 

where Hj^{x,y,t) is the heat kernel of M. By theorem 3.1 in 1^ . / > 0 for 

f > 0. Let D‘j be the null space of V-G55 m/. Theorem 3.1 in ll25l says D‘j is a parallel 
distribution. 

Claim 8. D'^ is invariant for t > 0. Then we define Df — D'^, t > 0. 

Proof. By theorem 2.1, part (//) in ll25l (see also the second sentence in the proof of corol¬ 
lary 2.1 in 1251), if t\ > t 2 > 0, 

(180) dim{D'p < dim{D‘j). 

De Rham theorem says we can write M - N 1 XN 2 where Dj is the tangent space of N 2 . u{^ 

is of logarithmic growth by proposition|5] Moreover, u{^ is pluriharmonic on each slice N 2 , 
hence harmonic on N 2 . As N 2 has nonnegative bisectional curvature, the Ricci curvature of 
N 2 is nonnegative. By a theorem of Cheng-Yau fS), uj^ is constant on each slice N 2 . That is 

f f 

to say, u,^ is a function on N\. By uniqueness of the heat flow, u,^ is also constant on each 

slice of N 2 . Combining this with (11801 . we obtain that - D‘j. □ 

f 

Hence, u, is constant on N 2 for f > 0. This implies / is constant on the factor N 2 . Now 
define the parallel distribution 

(181) D^HfeEDf. 

By De Rham theorem, we can assume M - M\X M 2 where D is the tangent space of M 2 . 
Then, for any f e E, f is constant on the factor M 2 . Note D is invariant under G-action. 
Fix an inclusion i of a slice: Mi ^ M\X M 2 . Now for any g e G, g(i{Mi)) must be another 
slice of Ml. Let n be the projection from Mi x M 2 to Mi. For x e Mi and g & G, Define 
a holomorphic isometry Ug of Mi by Ug{x) - n{g(i(x))). Of course, Ug is a subgroup of the 
holomorphic isometry group of Mi. Let G' be the closure of Ug. Then we can identify E 
with polynomial growth holomorphic functions on Mi invariant under G'. 

Claim 9. G' is a compact group. 

Proof. It suffices to prove that for a e Mi, Ug(x) is bounded for g e G. Assume this is not 
true, then there exists a sequence g, 6 G' with x, = gfx) — » 00 on Mi. Let {U,zi, ..,Zm) 
be a holomorphic chart on Mi around x with z(x) = 0. Let (G, = gi{U),f^ - Zs ° gj^) 
be the holomorphic chart in G,. By taking subsequence of x,-, we may assume G,- are 
disjoint. We will use some construction in ll2^ . First, pick finitely many fj e E so 
that Yj > 0 on Ml. Let u - Yu{l Then m is a strictly plurisubharmonic 




FINITE GENERATION CONJECTURE 


27 


function on M\ with logarithmic growth. Moreover, u is invariant under G' action. Let 
cc t/* cc U be open sets containing x. Consider a smooth cut-off function ip with 
^ = 1 in t/^; ^ = 0 in Define pi - po Then pi is supported in t/,-. Let 


m 



i s = 1 


Here C is a positive constant so that yT^ddif/ > cu on Up, co is the Kahler form on M\. 
Then > 0 on Mi. Now we solve the (9-problem dhi = dpi with 

(183) 



One sees that A/ - hi — pi are holomorphic functions of polynomial growth. The growth 
orders are uniformly bounded. Moreover, hi{xk) - 0 for all ^ 6 N. Thus T, are linearly 


independent, as (/i, - pdixj) - -6ij. This contradicts theorem|9l 


□ 


Claim 10. Mi is of maximal volume growth. In particular, the ring of polynomial growth 
holomorphic functions is finitely generated. 

Proof. As Ml is simply connected, write Mi as a product of Kahler manifolds which are 
not products anymore. For each factor, there exists polynomial growth holomorphic func¬ 
tion on Ml which is not constant on that factor. Then each factor must be of maximal 
volume growth by theorem 2 in IfTSl . □ 

By claimfTOland theorem[T2] Op{Mi) is finitely generated. Op{M) is just the subring of 
Op(Mi) invariant under G'. Since G' is compact, the finite generation of Op{M) follows 
from a theorem of Nagata Il22l (the detailed argument is in the appendix B). 


□ 


Appendix A. Proof of theorem |6] 


Proof. This part basically follows from ll25l . For any a > 0, r/(x, t) satisfies (1184b . (1185b 
below. 



(184) 


(185) r \\T}{x,Q)\\e.xp{-ar^{x))dx < oo 

Jm 

We will assume the equation below at this moment. The proof is given at the end of this 
section. 



(186) 


Recall corollary 1.1 in Il25l with simplifications the assumptions; 

Proposition 5. Let (M",p) be a complete noncompact Kahler manifold with nonnegative 
bisectional curvature. r(x) — d(x, p). Let u be a nonnegative function on M satisfying 

(187) -I u(y)dy < exp(a + br) 

JBip . r ) 

for some constants a,b > 0. Let 


(188) 


v(x, t) - I H{x, y, t)u(y)dy. 


M 
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H is the heat kernel on M. Then given any e > 0,T > 0, there exists C(n, e, a,b) > 0 such 
that for any x satisfying r — r(x) > 

(189) - C{n,e,a,b) + Ci{n,e) inf u < v(x,t) < C(n, e,a,b) + sup u 

B(x,er) 

for 0 < t < T. Here Cfn, e) > 0. 

Fix a point p e M. Let r(x) = d{x,p). Let (p{x) - exp(r(x)). Define 

(190) fixH) - e* j H(x,y, t)f(y)dy. 

Jm 

Then 

a 

(191) (--A)0 = 0 

ot 

and 

(192) 0(a, f) > ce"'" 

for 0 < f < r, by proposition|5] Here c, ci are positive constants. Let 

(193) h(x,t)^ f H{x,y,t)U\{y,0)dy- 

Jm 

The proposition below is just lemma 2.2 in ll25l . 

Proposition 6. There exists a positive function t(R) so that for 0 < t < T, h(x, t) < t(R) 
for X e B(p, 2R)\B(p, f). Moreover, lim t{R) - 0. 

^ R^cxs 

The next proposition is lemma 2.1 in 1251 . Note (1184b . (1185b and ( 1186b are used. 
Proposition 7. Ht/IKx, t) is a subsolution of the heat equation. Moreover, Ht/IKjc, t) < h{x, t). 


Given e > 0, define 


(194) + Kx,t))g^-p. 

At t - 0, q > 0. Also, for 0 < f < T, if is sufficiently large, by proposition |6] we have 
^ > 0 on dB(p,R). Suppose at some to e [0, T], i){xo, to) < 0 for aq e B(p,R). Then there 
exists 0 < f 1 < r with ii(x, t) > 0 for x e B(p, R) and 0 < f < f i. Moreover, the minimum 
eigenvalue of ri{x\,t\) is zero for some xi e B{p,R)(note x\ cannot be on the boundary). 
Now we apply the maximal principle. Let us assume 


(195) fi{Xutl)yy =0 

for y e T^fM, |y| = 1. We may diagonize fj at (vi, fj). Of course, we can assume y is one 
of the basis of the holomorphic tangent space. Then at (;ici, fi). 


(196) 

On the other hand, by (1184b . 

5 

'dt 


- ^)^rr ^ 0- 


( ^ j ^yyaanaa ^ j ^yyaa^yy 

a 

yyaaijlaa -flyy) 




> 0. 


(197) 
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Note 

(198) 

Hence at (xi, fi), 

(199) 


(^ - A)((e(^ - A(x, t))gyy) = e4>gyy > 0. 


A)^yy > 0. 


This is a contradiction. Now let 7 ? —> oo and then e —> 0, we proved that 77 - A(x, f)g^p > 0 
for 0 < t < T. 

Next we verify (1186b . Basically we follow page 487 - 488 on ll25l . Note our condition 
is more special. First, we have that |v(x, f)| < C for all x, t, as u has compact support. Note 

d. 


( 200 ) 


(A--)v2 = 2|Vv|2. 


Multiplying (1200b by suitable cutoff functions, using integration by parts, we find 


( 201 ) 


17 

Jo JB(i 


|Vv|2 < Ci(r-2 


JO JB ( p , r ) 

for r > 1. Bochner formula gives 


ff "’7 ‘ 

Jo * JB ( p , 2 r ) J B { p , r ) 


m ") < C2(T + 1 ) 


( 202 ) 


(A--)|Vv|2>2|VV. 

ot 


Multiplying (1202b by suitable cutoff functions, using integration by parts, we find 


(203) 


/7 

Jo UBip^r 


iv^vi^ < 


rf \^vf+f I 

Jo JB(p,2r) JB(p,r) 


|VmP) < C2(T + 1) 


for r > 1. From this, ( 1186b follows easily. 


Appendix B. Some algebraic results of Nagata 

We continue the proof of theorem |2] The ring R = Op(Mi) is finitely generated. We 
may assume the generators are in F = OdiMi) for some d > 0. Let gi, ..., g^ be a basis for 
F. Obviously F is an invariant space of G'. Then we may think OpiMi) is C[gi,..., gm\l 
a. Here a is an ideal. Then the G' action on R is induced by the representation G' 
GL(m,C). Let Ic'{R) be the subring of R fixed by G'. In Il22ll . page 370, the following 
definition was made; 

Definition. A group G is reductive if every rational representation is completely reducible. 

It was pointed out on page 370 of fT2\ that all rational representations of G in ll22l are 
given by some specific finite dimensional representations of G. In our case, as G' is com¬ 
pact, every finite dimensional representation(complex) is completely reducible. Therefore, 
according to the definition above, G' is reductive. In Il22l . the following was proved; 

Theorem 13 (Nagata). Ic{R) is finitely generated ifG is semi-reductive. 

It was pointed out in the first sentence of part 5, page 373 of Il22ll that a reductive group is 
obviously semi-reductive. Putting all these things together, we proved the finite generation 
of/ g'(F) = Op{M). 
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